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Abstract
The connection between closed Newton–Cotes di1erential methods and symplectic integrators is considered
in this paper. Several one step symplectic integrators have been developed based on symplectic geometry.
However, multistep symplectic integrators have seldom been investigated. Zhu et al. (J. Chem. Phys. 104
(1996) 2275) converted open Newton–Cotes di1erential methods into a multilayer symplectic structure. Also,
Chiou and Wu (J. Chem. Phys. 107 (1997) 6894) have written on the construction of multistep symplectic
integrators based on the open Newton–Cotes integration methods. In this work we examine the closed Newton–
Cotes formulae and we write them as symplectic multilayer structures. We apply the symplectic schemes in
order to solve Hamilton’s equations of motion which are linear in position and momentum. We observe that
the Hamiltonian energy of the system remains almost constant as integration proceeds.
c© 2003 Elsevier B.V. All rights reserved.
1. Introduction
In recent years, constructing numerical integration schemes for ordinary di1erential equations that
preserve qualitative properties of the analytic solution has been of great interest. Here we consider
Hamilton’s equations of motion which are linear in position p and momentum q
q˙= kp;
p˙=−kq; (1)
∗ Corresponding author. 26 Menelaou Street, AmAthea-Paleon Faliron, GR-175 64 Athens, Greece. Tel.: +30-210-
9420091; fax: +30-210-9420091.
E-mail address: tsimos@mail.ariadne-t.gr (T.E. Simos).
1 Active Member of the European Academy of Sciences and Arts.
0377-0427/03/$ - see front matter c© 2003 Elsevier B.V. All rights reserved.
doi:10.1016/S0377-0427(03)00479-5
76 Z. Kalogiratou, T.E. Simos / Journal of Computational and Applied Mathematics 158 (2003) 75–82
where k is a constant scalar or matrix. Eq. (1) plays an important role in the Aeld of molecular
dynamics. It has been realized by researchers that in order to preserve the characteristics of the
Hamiltonian system in the numerical solution we need to employ symplectic integrators. In the
recent years work has been done mainly in the construction of one step symplectic integrators. In
their work Zhu et al. [5], Chiou and Wu [2] constructed multistep symplectic integrators by writing
open Newton–Cotes di1erential schemes as multilayer symplectic structures.
In this paper we write closed Newton–Cotes di1erential methods as multilayer symplectic struc-
tures. We apply the closed methods on the Hamiltonian system (1) and realize that the Hamiltonian
energy of the system remains almost constant as the integration proceeds.
In Section 2 we give the necessary results about symplectic matrices and schemes. In Section 3
closed Newton–Cotes integral rules and di1erential methods are introduced. In Section 4 we convert
the closed Newton–Cotes di1erential methods into multilayer symplectic structures. Numerical results
are presented in Section 5.
2. Symplectic schemes and numerical methods
We follow [5] and give the following results about symplectic numerical schemes and symplectic
matrices.
Given an interval [a; b] and a partition with N points
x0 = a; xn = x0 + nh; n= 1; 2; : : : ; N;
a discrete scheme proceeds as follows:(
pn+1
qn+1
)
=Mn+1
(
pn
qn
)
; Mn+1 =
(
an+1 bn+1
cn+1 dn+1
)
: (2)
Then the n-step approximation to the solution can be written as(
pn
qn
)
=
(
an bn
cn dn
)(
an−1 bn−1
cn−1 dn−1
)
· · ·
(
a1 b1
c1 d1
)(
p0
q0
)
=MnMn−1 · · ·M1
(
p0
q0
)
:
DeAning
S =MnMn−1 · · ·M1 =
(
An Bn
Cn Dn
)
;
we can write the discrete transformation(
pn
qn
)
= S
(
An Bn
Cn Dn
)(
p0
q0
)
:
A discrete scheme (2) is a symplectic scheme if the transformation matrix S is symplectic.
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Table 1
Closed Newton–Cotes integral rules
n d w0 w1 w2 w3 w4
0 1 1
1 1=2 1 1
2 1=3 1 4 1
3 3=8 1 3 3 1
4 2=45 7 32 12 32 7
A matrix A is symplectic if ATJA= J where
J =
(
0 1
−1 0
)
:
The product of symplectic matrices is also symplectic. Hence, if each matrix Mn is symplectic the
transformation matrix S is symplectic. Consequently, the discrete scheme (2) is symplectic if each
matrix Mn is symplectic.
3. Closed Newton–Cotes formule
Closed Newton–Cotes di1erential methods were derived from the closed Newton–Cotes integral
rules given below∫ b
a
f(x) dx ≈ d h
n∑
i=0
wif(xi);
where
h=
b− a
n
; xi = a+ ih; i = 0; 1; 2; : : : ; n:
The coeLcient d as well as the weights wi are given in Table 1.
Symmetric coeLcient wi is the key feature in these integral rules
wi = wn−i; i = 0; 1; : : : ;
n
2
:
From the integral rules we derive the di1erential schemes:
n= 1; yn+1 − yn = h2(fn+1 + fn);
n= 2; yn+1 − yn−1 = h3(fn−1 + 4fn + fn+1);
n= 3; yn+1 − yn−2 = 3h8 (fn−2 + 3fn−1 + 3fn + fn+1);
n= 4; yn+2 − yn−2 = 2h45(7fn−2 + 32fn−1 + 12fn + 32fn+1 + 7fn+1):
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4. Closed Newton–Cotes can be expressed as symplectic integrators
We Arst consider the simplest rule for n= 1
yn+1 − yn = h2(fn+1 + fn);
we apply the rule to the linear Hamiltonian system (1):
qn+1 − qn = kh2 (pn+1 + pn);
pn+1 − pn = −kh2 (qn+1 + qn); (3)
we rewrite the system as
qn+1 − hk2 pn+1 = qn +
hk
2
pn;
hk
2
qn+1 + pn+1 =
−kh
2
qn + pn:
or using matrices(
1 −w2
w
2 1
)(
qn+1
pn+1
)
=
(
1 w2
−w2 1
)(
qn
pn
)
;
where w= kh. In order to show that this is symplectic scheme we prove the following more general
result.
Result 1. A discrete scheme of the form(
b −a
a b
)(
qn+1
pn+1
)
=
(
b a
−a b
)(
qn
pn
)
(4)
is symplectic.
Proof. We rewrite (3) as(
qn+1
pn+1
)
=
(
b −a
a b
)−1( b a
−a b
)(
qn
pn
)
:
DeAne
M =
(
b −a
a b
)−1( b a
−a b
)
=
1
b2 + a2
(
b2 − a2 2ab
−2ab b2 − a2
)
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and it can easily be veriAed that
MTJM = J
thus the matrix M is symplectic.
In their work Zhu et al. [5] noticed the symplectic structure of the well-known second-order
di1erential scheme (SOD),
yn+1 − yn = 2hfn;
this scheme is derived by the simplest open Newton–Cotes integral rule.
This result plays an important role in developing multistep symplectic schemes. Following this
work Chiou et al. [2] have written open Newton–Cotes di1erential schemes as multilayer symplectic
structures.
We have seen that the symplectic structure of the closed Newton–Cotes di1erential scheme for
n = 1 is obvious. We follow the ideas of Chiou [2] and write closed Newton–Cotes di1erential
schemes as multilayer symplectic structures.
Application of the Newton–Cotes di1erential formula for n= 2 to the linear Hamiltonian system
(1) gives
qn+1 − qn−1 = w3 (pn−1 + 4pn + pn+1);
pn+1 − pn−1 =−w3 (qn−1 + 4qn + qn+1) (5)
from the SOD scheme we can write
qn+1 − qn−1 = 2wpn;
pn+1 − pn−1 =−2wqn;
we now substitute pn and qn into (5)
qn+1 − qn−1 = w3 (pn−1 + pn+1) +
2
3
(qn+1 − qn−1);
pn+1 − pn−1 =−w3 (qn−1 + qn+1) +
2
3
(pn+1 − pn−1);
in matrix form(
1 −w
w 1
)(
qn+1
pn+1
)
=
(
1 w
−w 1
)(
qn−1
pn−1
)
;
this is a discrete scheme of form (4), hence it is symplectic.
Application of the closed Newton–Cotes formula for n= 4 on the Hamiltonian system gives
qn+2 − qn−2 = 2w45 (7pn−2 + 32pn−1 + 12pn + 32pn+1 + 7pn+2);
pn+2 − pn−2 =−2w45 (7qn−2 + 32qn−1 + 12qn + 32qn+1 + 7qn+2); (6)
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we take three steps of SOD
qn+2 − qn = 2wpn+1;
pn+2 − pn =−2wqn+1;
qn+1 − qn−1 = 2wpn;
pn+1 − pn−1 =−2wqn;
qn − qn−2 = 2wpn−1;
pn − pn−2 =−2wqn−1;
from which we write
pn+1 + pn−1 =
1
2w
(qn+2 − qn−2);
qn+1 + qn−1 =− 12w (pn+2 − pn−2);
qn =
1
2(1− 2w2)(qn+2 + qn−2);
pn =
1
2(1− 2w2)(pn+2 + pn−2):
Substitution in system (6) gives(
b −a
a b
)(
qn+2
pn+2
)
=
(
b a
−a b
)(
qn−2
pn−2
)
where
a= 2w
(
7 +
6
1− 2w2
)
; b= 13
this is of form (4) and hence symplectic.
Moreover, the higher-order di1erential method can also be divided into such a multilayer scheme.
Thus we conclude that the family of Newton–Cotes di1erential schemes are symplectic integrators.
5. Numerical example
In their work Chiou and Wu [2] in order to illustrate the performance of open Newton–Cotes
di1erential methods consider the equations of motion of a harmonic oscillator given in the following:
q˙= p;
p˙= q;
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Fig. 1. Harmonic oscillator problem solved by CNC-2.
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Fig. 2. Harmonic oscillator problem solved by CNC-4.
and the initial conditions are given as
q(0) = 1; p(0) = 0:
The Hamiltonian (or energy) of this system is
H (t) = 12(p
2(t) + q2(t)):
The closed Newton–Cotes di1erential methods of orders 2 (CNC-2) and 4 (CNC-4) are used in
this numerical example with the integration step size h= 0:1, the integration interval is [0; 20] (the
number of points in the partition is N = 200).
The error of the hamiltonian He(t) = H (t) − H (0) for the second and fourth order methods is
shown in Figs. 1 and 2.
We see that in both cases the error does not grow as the integration proceeds.
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Fig. 3. Harmonic oscillator problem solved by AB-4.
On the other hand we use the fourth order Adams–Bashforth method (AB-4) and the error of the
Hamiltonian is shown in Fig. 3.
Finally we conclude that Newton–Cotes di1erential methods are suitable integrators for the solution
of the Hamiltonian system.
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